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Why automated reasoning?

TBox and the ABox capture implicit information.
We want to access this information by making it explicit!

Does my knowledge base ...

e contain a concept that cannot have instances?

. . e ) Check for satisfiabiliy w.r.t. TBox.
(since its definition is contradictory.)

(unwanted / unintended redundancy in my TBox)

e yield the concept hierarchy | wanted? Classify.

e contain individuals not compliant with the

oz Check ABox consistency.
specification of the concepts they belong to? !
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Automated Reasoning

Requirements for good reasoning algorithms:

They should be decision procedures,i.e.:

e terminating, You get always an answer.
e correct, Every answer is correct.
e complete. You get all correct answers.

»  Prerequisit for safety and reliability of the application!
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Reasoning in expressive DLs: approach

Goal: Find decision procedure for satisfiability and subsumption

Many standard reasoning services can be reduced to satisfiability.
(If negation is present in the DL!)

Subsumption can be reduced to (un)satisfiability
——> we can restrict ourselves to satisfiability

Use the reduction and implement
one reasoning method to realize several inferences: Tableau Algorithms



Reduction of Reasoning Services

Many standard reasoning services can be reduced to satisfiability.
(If negation is present in the DL!)

e Subsumption <—> Satisfiability
C C+ D iff C M1 =D unsatisfiable w.r.t. T

e Satisfiability <—=> ABox consistency

C is satisfiable w.r.t. 7 iff (7,{C(a)}) is consistent

¢ [nstance checking < ABox consistency

a is an instance of C w.r.t. (7, .A) iff
(T, AU {~C(a)}) is inconsistent
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Reasoning in ALC

Goal:

Find algorithm for satisfiability and subsumption
(for now: only concept or unfoldable TBoxes

no general TBoxes)

Subsumption can be reduced to (un)satisfiability

—> we can restrict ourselves to satisfiability

Tableau Algorithms
e Used to prove decidability/complexity bounds of DLs

e Most state-of-the-art DL reasoners are based on tableau algorithms
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Use the reduction
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Reformulate a . ..

as an ABox consistency check

satisfiability test:
sat(C')?

Consistent: (7,{C(a)})?

subsumption test:

CCrD

Inconsistent: (7, {C M —-D(a)})?

instance check:

AT = C(a)?

Inconsistent: (7, AU {—-C(a)})?




Reasoning method for unfoldable ALC-KBs
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1. Use the reduction to reformulate the reasoning problem

2. Expand concepts w.r.t. TBox
3. Normalize concept descriptions

4. Apply tableau rules
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Expansion of concept descriptions
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— reduce satisfiability w.r.t. TBoxes to satisfiability without TBoxes
l.e. get rid of the TBox.

Naive approach for expansion:

Let C, be concept, 7 unfoldable TBox

1. replace every concept name of a defined concept with
the right-hand side of its definitions A = C'

2. repeat until no more replacements can be made.
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Expansion of concept descriptions |l
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Expansion process terminates due to acyclicity of the concept definitions!

But: exponential blow-up in the worst case!

AO — VR.AI [ VS.Al
Al — VR.AQ [l VS.Az

A1 = VR. A, M VS. Ay
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Negation Normal Form

A concept C is in negation normal form (NNF) if

negation occurs only in front of concept names.

Transformation rules:

-(CuUuD)~ =Cn=D

-(3FR.C) ~ VR.-C
-(VR.C) ~ 3JR.-C
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Tableau Algorithm: ldea

Try to construct a model for the input concept C as follows:

e Represent models by proof ABoxes

e To decide satisfiability of C,
start with initial proof ABox A,

e Repeatedly apply tableau rules
and check for obvious contradictions

e Return “satisfiable” iff a complete and contradiction-free
proof ABox was found
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Proof ABox

Tableau algorithm works on sets of ABoxes: &

Initially, S contains proof ABox for concept Cl:

S := { Ao}, with Ay := {Co(x0) }

Apply tableau rules to set of proof ABoxes & until

- a proof ABox is complete or

- there exists an individual  in A such that
{B(xz),~B(x)} C .A for some concept name B

or L(z) € A

(Clash)
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Tableau rules for ALC

Precondition Replace A by:

—n | (CiNCy)(z) € A A’ = AU {C\(z), Cx(z)}
CI(CC) € A or Cz(il}) e A

Ci(xz) ¢ Aand Cy(x) ¢ A A" = AU {(Cy)(z)}

—3 | (Ir.C)(x) € A, Al o= A Udrle:2): Clz)}
but no z in A s.t.
{r(z,2),C(2)} C A

—>y {(Vr.C)(x),r(xz,y)} C A, A = AU {C(y)}
@ but C(y) € A
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Example: Tableaux expansion
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At the white board!
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Correctness of the Algorithm

Lemma
1. The algorithm terminates on any input

2. If the algorithm returns “satisfiable”,
then the input concept has a model.

3. If the algorithm returns “not satisfiable”,
then the input concept has no model.

Corollary
1. ALC-concept satisfiability and subsumption are decidable

2. ALC has the tree model property
3. ALC has the finite model property
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Termination
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Role depth of concepts d(C):
d(A) =0
d(—~C) =d(C)
d(CND)=d(CUD)=max{d(C),d(D)}
d(3R.C) = d(VR.C) =d(C) +1

The algorithm terminates since:

1. depth of the proof ABox bounded by d(CY)).

2. for each individual, at most #sub(C'y) successors are generated
3. each individual has at most #sub(C'y) concept assertions

4. concepts are never deleted from node labels
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Soundness and completeness
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Soundness of the procedure:
is shown by local correctness of each tableau rule.

Local correctness:

Let S’ be obtained from S by the application of a tableau rule.

Then 8 is consistent iff S’ is consistent.

Completeness of the procedure:

Is obvious from the definition of a clash.
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Tableau algorithm for general TBoxes
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Tableau rule for GCI
1. Code all GCls into one.

For T = {CiC Dy, CoC Dy,..., C, C D,}
build the GCI T T Cggy with
Coor = (—101 L Dl) o (ﬂCg L Dz) HEEEEE (ﬂCn L Dn)

2. Assert C'c;cxy for every individual

—TCCgcyp- If z in A and C(;C](:B) Q A,
then replace A with A’ = A U Cgcor(x)
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Problem: termination

Consider: 7 = {B C 3r.B}
with Cgoy = B U dr.B

B, -B LU 3r.B
_HT}JE —3

Remedy: Blocking of application of — 5
B, -B LU 3r.B
r. B An individual 2 is blocked

by an individual y, iff:

8
[
— @0 «-———— ¢

as generated by —> 5 after
z2 B, —BL 3r.B *EWasI e

Jr.B e {C|C(x) e A} C{C| C(y) € A}
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Complexity of subsumption in some DLs
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unfoldable TBox | general TBox

ELC (M,3T) | P P

ALC PSPACE EXPTIME

ALCNIO| ExpPTIME NEXPTIME
SHOIO NEXPTIME | NEXPTIME

SROILO 2-NEXPTIME

» These are worst case complexities!

e worst case does not need to appear in practice

e worst case requires regular structure of the KB
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| Light-weight DLs

EL (M,3,T) is used in medical and biological ontologies

Inflammation . Disease M Jacts-on.Tissue

HeartDisease = Disease M Jhas-loc. 3comp-of.Heart

Retina _ Tissue M Jhas-loc.Eye
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The £L family

Prominent members:
EL n,3, T

EL™T extends EL by: e role chain inclusions: 7 o s C ¢ .
e.g. has-mother o has-sister C_ has-aunt.)

ELT extends ELT by: e L
e nominals

e domain and range restrictions for roles
e.g.: dom(has-pet) = Person;
ran(has-pet) = Pet
e Corresponds to OWL 2 EL profile
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Typically, used with general TBoxes!
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Subsumption in ££
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Steps of the subsumption algorithm for £L:

1. Normalize TBox

2. Translate normalized TBox into “Completion Sets”

3. Saturate sets using completion rules

4. Read off subsumption relationships from completeion sets

27
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TBox Normalization |

Assumptions:

e consider only the subsumption of concept names w.r.t. TBoxes

CCrDiff ACy B,where T"=7TU{A=C,B = D}

® TBox statements always have the form C' C_ D

C = DequivalenttoC L D,DLC C

Normalized TBox only has statements of the following form:
ALC B
AMA'CB
ALC3JR.B
JdR.ALC B

A, A’, B: concept names or T
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TBox Normalization |l

Normalization can be achieved by introducing new concept names:

Let C L D € 7 with C, D complex concepts

Top-most operator in D (C treated analogously):

e D=13R.E
CCD - ACE, EC A CC3R.A

e D=FENF
introduce "new names” for E and F

Additional case:
CCDMEvreplacedbyCCL DandC LC E
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| Completion Sets

Compute a completion set S(A) for every concept name A in T
(and every existential restriction)

Intuition:

e S(A) contains all concept names B with A C+ B
e S(A,r) contains all concept names B with A C Jr.B

Initially:

e S(A) = {A, T} for each concept name A

®S(A,r) = 0 for each concept name A and role name r
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Completion rules
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Then saturate completion sets using the rules:

CR1

CR2

CR3

CR4

ACBeT

A’ € S(A)
B ¢Z S(A)

AiMA,CB € T A, A€ S(A)

AC3IRB e T

JR.C'CB € T

B ¢ S(A)

A’ € S(A)
B ¢ S(A,r)

C’' e S(C)
CeS(A, )
B & S(A)

add B to S(A)

add B to S(A)

add B to S(A,r)

add B to S(A)
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Completion Sets Il
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Lemma. 1. B € S(A) iff A C+ B.
2. subsumption sets can be computed in polynomial time.

ad 2.
- there are at most | 7| completion sets to be computed;
- each completion set contains at most |7 | elements

—> at most |7"|? rule applications

- searching for an applicable rule needs time at most |77|?

— algorithm runs in time |77|*
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Completion-based reasoner for £L
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CEL

(Classifier for £LC)

e supported DL: fragment of ELTT
no data types

e for “good natured” TBoxes: incremental classification

e explanation of inconsistencies
(axiom pinpointing)
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Motivation
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Why explanation?

e Consistency test only tells that there is a contradiction,
but not why it holds or which axioms cause it.

e Intricate interactions between different constructors for expressive DLs.

e DL knowledge bases can contain several ten thousands of axioms.
Finding the cause of a consequence is a non-trivial task

Example from SnoMed:

Amputation-of-Finger L_ Amputation-of-Arm

Now find axioms responsible for this among 300.000 axioms!
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Basic terms
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Explanation for a consequence c:
the subset of the ontology that causes c.

Minimal axiom set (MinA):
minimal subset (w.r.t. size) of a TBox that has a consequence.

Axiom pinpointing:
process of computing MinAs.
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Running example

TU
Dresden

Consider the TBox 7...:

{ Cat L 3 has-parent.Cat I
Cat L Pet I1

= has-parent. Pet L_ Animal III
Pet C Animal } IV

Consequence of 7.,: Cat L7 Animal.
Holds due to: /7 and IV, but alsodueto: I, IT and 111

In general: exponentially many MinAs for a consequence!

37



Approaches: axiom pinpointing

Approaches to compute MinA's:

e Black box method

— Reasoner independent algorithms (use DL reasoner as subroutine)
— internals of the reasoner do not need to be modified.
— DL independant

e Glass box method:

— Reasoner dependent, built on existing reasoning procedures.

— Implementation requires thorough, non-trivial modification of
the internals of the reasoner.

— method depends on DL.
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Black box method for computing a MinA
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Black box method

e DL reasoner is treated as an oracle
e uninformed search
e remove axioms from T

e see whether the consequence still holds
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Black box algorithm for computing a MinA
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Black box pinpointing for A C+ B
1. T":=T

2. For each axiom ax € T’ do

Remove axiom ax from 7~/

If A =+ B does no longer hold
Then put axiom back to 7’

End do

3. Return T~

e very inefficient for very
large TBoxes

e needs as many subsump-
tion tests as axioms

e Smarter: First find (not
minimal) subset and then
proceed axiom-wise
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Implementations of black box pinpointing
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Black box pinpointing is implemented in:

e ontology editor Swoop

- first implementation of pinpointing

e CEL system:

- uses combination of syntactic method and black box pinpointing

- PP for Galen TBox:
7 hrs with naive method vs. 9:45 min with smarter method

e ontology editor Protege

- Pinpointing even for parts of axioms

42
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Glass box pinpointing for £C
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Glass box pinpointing:

e requires to modify the reasoner
e intricate for tableau reasoners for expressive DLs

For £L:

e ldea: add label sets to collect relevant axioms during reasoning
e assign to every element in completion sets a pinpointing formula

e pinpointing formula captures the MinAs
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Pinpointing formula — preliminaries
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Basic labeling:
e lab(ax): assigns to every GCl ax in T a unique propositional variable

e lab(T): set of all propositional variables labeling axioms in 7~

Monotone Boolean formula ¢ over lab(7T):
Boolean formula using

e (some of) the variables in lab(7T"), and

e the connectives: A, V, and true for truth

Valuation v of monotone Boolean formula ¢:

e set of variables that make ¢ true, if assigned true
e ldea: valuation characterizes combination of axiom labels
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Pinpointing formula

Mapping back from v to the axioms?
For a valuation v C lab(T) let T, := {ax € T | lab(T) € v}

Def: Pinpointing formula:
Let 7: £L£-TBox, A, B: concept names from T

The monotone Boolean formula ¢ over lab(7T) is
a pinpointing formula for 7 w.r.t. A C+ B, if

for every valuation v C lab(T") holds:
A L, B iff v satisfies ¢.

In fact, a pinpointing formula characterizes all MinAs!

TU
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Running example

Consider again the TBox 7..:

{ Cat L 3 has-parent.Cat I
Cat L Pet I1

3 has-parent. Pet L Animal IITI
Pet C Animal } IV

Consequence Cat [L_7._ Animal due to: 11 and I'V
and alsodue to: I, I1T and 111

Set of propositional variables: lab(7T) = {I,I11,111,IV}

Pinpointing formula for Cat L+ Animal is: II A(IV V (I ANIIT))
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Adapting the completion algorithm

Assume: computing MinAs for A 4 B.

1. Normalization

e introduce labels for GCls in T

e normalize T ~ T

e introduce labels for GCls in T,
that “keep track” of labels of source GCls in T~
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Adapting the completion algorithm - |l

2. Labelling of completion sets

Need to propagate labels and construct pinpointing formula

e label elements of the completion sets with monotone Boolean formulae
X € S(A) gets label lab(A, X)

e initial elements of completion sets:
lab(A, A) = true, lab(A, T) = true
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Adapting the completion algorithm — Ill

3. Modify completion rules
Idea: collect labels from preconditions and propagate to consequence

e Let ¢ be conjunction of:

— labels of GCls in 7 from precondition of CRIi
— labels of elements in completion sets from preconditions of CRi

e propagate ¢:
— if consequence of CRIi is not element of completion set,
then add it with label ¢
— otherwise (Let consequence’s label be 1).)
Test: v A ¢ = ?
x If yes: ¢ is redundant. Don’t apply CRi
x If no: ¢ is derived in alternative way. Replace label with @ V ¢
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Running example

Computing the pinpointing formula of Cat L+ Animal.

Completion sets are initialized as follows:

(Cat, Cat)"#¢  (Pet, Pet)!™¢ (Animal, Animal)'"“e
(Cat, T)trve  (Pet, T)*e  (Animal, T)'"ue

Apply modified completion rules:

e Using axiom I'T: Cat C Pet and (Cat, Cat)!"“¢: add (Cat, Pet)’’

e Using axiom I: Cat C 3 has-parent. Cat and (Cat, Cat)""“e:
add (Cat, has-parent, Pet)’

e Using axiom I'V: Pet C Animal and (Cat, Pet)’:
add (Cat, Animal)’/AV

e Using axiom I11: 3 has-parent.Pet L Animal and
(Cat, Pet)!!, (Cat, has-parent, Pet)’:
& modify (Cat, Animal)’/AV to (Cat, Animal)(//ATV)VILIATIAT)
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Adapting the completion algorithm — IV

W

TU
Dresden

lab( A, B) is a pinpointing formula for A C+ B

4. Undo normalization
Reconstruct labels for the original TBox 7 in lab( A, B).

5. Build disjunctive normal form

6. Pick one of the disjuncts as the explanation
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Properties of the modified completion algorithm

Modified completion algorithm:

e Always terminates

e Testing equivalence of monotone Boolean formulae:
NP-complete problem

e Testing equivalence of formulae with n variables and
size exponential in n: exponential time in n.

Thus: exponential time bound for modified completion algorithm

e Transformation into disjunctive normal form: exponential blow-up
in number of variables
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Other applications of pinpointing

Ontology repair:

e Find all causes for a consequence

e Needs to compute all MinAs
Obtained by pinpointing formula

e Needs to generate suggestions which (part of) axioms
to remove or change

Ontology access:

e Scenario: user has only access to part of the ontology

e May a consequence be shown to user?
Yes, if a MinA follows from accessible part
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Conclusions

W

TU
Dresden

Reasoning in Description Logics:
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